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HARDY SPACES AND HEAT KERNEL REGULARITY
BAPTISTE DEVYVER
Abstract. In this paper, we show the equivalence between the bound-
edness of the Riesz transform d∆−1/2 on Lp, p ∈ (2, p0), and the equality
Hp = Lp, p ∈ (2, p0), in the class of manifold whose measure is doubling
and for which the scaled Poincare´ inequalities hold. Here, Hp is a Hardy
space of exact 1−forms, naturally associated with the Riesz transform.
1. Introduction
In this article, we will be concerned with questions related to the bounded-
ness of the Riesz transform on manifolds. Since the seminal work of Coulhon
and Duong [4], who gave sufficient conditions on the heat kernel so that the
Riesz transform is bounded on Lp for 1 < p ≤ 2, several authors have inves-
tigated both necessary and sufficient conditions for the boundedness of the
Riesz transform on manifolds. For p > 2, one of the main achievements is
the following result due to Auscher, Coulhon, Duong and Hofmann [2]: if
the manifold satisfies the scaled Poincare´ inequalities and the Riemannian
measure is doubling, then the boundedness of the Riesz transform on Lq for
q ∈ (2, p) is equivalent to the following bounds on the gradient of the heat
kernel: for every q ∈ (2, p),
||∇e−t2∆||q,q ≤ Cq
t
, ∀t > 0. (1.1)
However, the question to find meaningful geometric conditions so that the
gradient estimates for the heat kernel (1.1) hold is a difficult problem, and
not much is known about it, although some progress has been recently made
in the understanding of inequalities that are stronger than (1.1) – the so-
called Gaussian estimates for the heat kernel of the Hodge Laplacian acting
on 1−forms (see [5], [7]). See also [3] where the gradient estimates (1.1) are
proved to be equivalent under some conditions to reverse Ho¨lder inequalities
for the gradient of harmonic functions).
Very recently, another way to tackle the problem of boundedness of the
Riesz transform has been investigated: it consists in introducing Hardy
spaces of forms Hp for 1 ≤ p ≤ ∞, which are adapted to the problem
in the sense that the Riesz transform is always bounded from Hp to Hp
for every 1 ≤ p ≤ ∞. Several authors have independantly performed such
a construction: see [1] for the case of Hardy spaces associated the Hodge
1
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Laplacian on a manifold, and [9] for the case of Hardy spaces associated to
second-order elliptic operators on Rn. Let us emphasize that the construc-
tion of the Hardy spaces requires that the Riemannian measure be doubling.
A natural question (asked by the authors in [1]) is the following:
Problem 1.1. Let 1 < p <∞. Under which conditions Hp = Lp?
It is shown in [1], Corollary 1.2 that if the Riemannian measure is dou-
bling, then for every 2 ≤ p <∞,
Lp ⊂ Hp.
Consequently, for every 2 ≤ p < ∞, the Riesz transform is bounded Lp →
Hp. But it could happen a priori that this Hardy spaceHp is “too big”, that
is that one could find an intermediate space Lp & H˜p & Hp, on which the
Riesz transform is bounded. One of the main results of this article provides
a hint that this should not happen, and that indeed Hp is the correct space
to be considered. The result can be very roughly stated as follows:
Theorem 1.2. (Main result) Assume that M is a connected, complete,
non-compact Riemannian manifold such that the Riemannian measure is
doubling and the scaled Poincare´ inequalities hold. Then for every 2 < p <
∞, the following are equivalent:
(1) For every q ∈ (2, p), Hq = Lq with equivalent norms.
(2) For every q ∈ (2, p), the Riesz transform d∆−1/2 is bounded on Lq.
If one of these two equivalent conditions is satisfied, then for every q ∈ (2, p),
||u||q ≃ ||u||Hq ≃ ||d∆−1/2u||q, ∀u ∈ C∞0 (M).
Remark 1.3. The precise formulation of Theorem 1.2 is given in Corollary
3.3. Here, we just mention that the space Hq is a Hardy space of exact
1−forms, and the equality Hq = Lq should be understood as the fact that
Hq is equal to the closure in Lq of the space of L2 ∩ Lq exact 1−forms.
The last part of Theorem 1.2 is reminiscent of the classical result that on
Rn, if p ≥ 1,
||u||Hp ≃ ||d∆−1/2u||p
(see [11], Proposition 3, p.123), and supports the claim that indeed Hp is
the good space to be considered. Let us further mention that in general,
one has only
||u||Hq ≃ ||d∆−1/2u||Hq , ∀u ∈ C∞0 (M)
(see [1], Theorem 5.11). We ask the following open question:
Problem 1.4. Does the result of Theorem 1.2 remain true without the as-
sumption that M satisfies the scaled Poincare´ inequalities?
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The proof of Theorem 1.2 consists in showing that the gradient estimates
for the heat kernel (1.1) are sufficient to have the equality Hp = Lp, and
relies heavily on techniques developped in [2]. Let us mention that it is
claimed in [1], Theorem 8.5 that Hp = Lp if the heat kernel of the Hodge
Laplacian acting on differential 1−forms satisfies a Gaussian estimate – in
fact, the proof relies on an unpublished manuscript of Auscher, Duong and
McIntosh. Under the additional hypothesis that the heat kernel satisfies
Gaussian upper-bounds, we can recover this result as a corollary of Theo-
rem 1.2.
The plan of this article is as follows: in Section 2, we introduce the
notations and definitions that will be needed (in particular, we recall the
definition of the Hardy spaces). In Section 3, we present our results in
greater details. In Section 4, we give the proof of a result concerning the
area functional. In Section 5, we prove Theorem 1.2.
2. Preliminaries
In this section, we recall some definitions and notations about the tent
spaces and Hardy spaces for the Laplacian and the Dirac operator. Refer-
ences for this are [6] and [1].
2.1. Notations and definitions. For two positive functions f and g, we
write
f ≃ g
if there is a constant C such that C−1g ≤ f ≤ Cg.
In all the article, (M,g) will be a complete Riemannian manifold. We will
denote by dx the Riemannian measure on M . The measure of a measurable
set E will be simply denoted by |E|. For x ∈ M and r > 0, we denote by
V (x, r) the measure of the geodesic ball B(x, r) of center x and radius r.
We will say that the measure on M is doubling if there exists a constant
C > 0 such that
V (x, 2r) ≤ CV (x, r), (D)
for every x ∈ M and every r > 0. If µ is doubling, then there exists κ > 0
and C such that
V (x, θr) ≤ CθκV (x, r),
for every x ∈M , r > 0 and θ > 1. We will denote by β the smallest integer
strictly greater than κ2 . The fact that the measure is doubling has also the
following consequence, which is classical:
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Lemma 2.1. Assume (D). Then for every ε > 0, there is a constant Cε
such that
C−1ε V (x, t) ≤ V (y, t) ≤ CεV (x, t),
for every x, y ∈M and t > 0 such that d(x,y)t ≤ ε.
We will say that M satisfies the scaled Poincare´ inequalities if there is
a constant C such that for every ball B of radius r, and every function
f ∈ C∞(B), ∫
B
|f − fB|2 ≤ Cr2
∫
B
|∇f |2, (P)
where fB =
1
|B|
∫
B f is the average of f on B. It is known that (D) together
with (P) are equivalent to the so-called Li-Yau estimates for the heat kernel:
C1
V (x, t)
e−c1
d2(x,y)
t ≤ e−t∆(x, y) ≤ C2
V (x, t)
e−c2
d2(x,y)
t , (LY)
for every x, y ∈M and t > 0. We will also consider the Gaussian estimates
for the heat kernel associated to the Hodge Laplacian ∆k = dd
⋆+d⋆d, acting
on k−forms:
|e−t∆k(x, y)| ≤ C
V (x, t)
e−
d2(x,y)
t , (Gk)
for every x, y ∈ M and t > 0. In particular, (D) together with (P) imply
(Gk) for k = 0. We now introduce the L
p gradient estimates for the heat
kernel:
||∇e−t2∆||p,p ≤ C
t
, ∀t > 0. (∇p)
For more details about inequality (∇p), see [2]. We simply remark that,
according to [2], Gaussian estimates for the heat kernel of both ∆ and ∆1
(that is, (Gk) for k = 0, 1), imply that (∇p) holds for every 2 ≤ p < ∞.
Although recently some progress has been made in finding conditions under
which (Gk) for k = 1 holds (see [5], [7]), the corresponding problem for the
weaker gradient estimates (∇p) is so far completely open.
We recall some L2 off-diagonal estimates – the so-called “Davies-Gaffney
estimates” – for the gradient of the heat kernel (these estimates originates,
in the case of the heat kernel itself, with the works of Davies and Gaffney,
see [2] for references).
Lemma 2.2. There exists two positive constants C and c such that for every
subsets E,F ⊂M and every t > 0,
||χF t∇e−t2∆χE ||2,2 ≤ Ce−c
d2(E,F )
t2 .
HARDY SPACES AND HEAT KERNEL REGULARITY 5
For a proof, see [2], p.21. Finally, we state without proof a technical
result, which is a slight variation on Lemma 3.2 in [2] and is proved using
Lp off-diagonal estimates for the gradient of the heat kernel. For a ball B of
radius r, let C1 = 4B, and for i ≥ 2, Ci = 2i+1B \ 2iB. For a given function
f , define fi = χCif .
Lemma 2.3 ([2], Lemma 3.2). Assume (D), (Gk) for k = 0 and (∇p).
Then for every q ∈ [2, p),
(
1
|B|
∫
B
|t∇e−t2∆f1|q
)1/q
≤ C
(
1
|4B|
∫
4B
f2
)1/2
, (2.1)
and
(
1
|B|
∫
B
|t∇e−t2∆fi|q
)1/q
≤ Ce−c4i( rt )
2
(
1
|2i+1B|
∫
Ci
f2
)1/2
. (2.2)
Furthermore, for q = 2 the corresponding inequalities hold without assuming
(∇p).
2.2. Tent spaces. For x ∈M and α > 0, the cone Γα(x) of aperture α and
vertex x is defined by
Γα(x) := {(t, y) ∈ (0,∞)×M : y ∈ B(x, αt)}.
For α = 1, we will denote Γ(x) instead of Γ1(x). For a closed set F ⊂ M ,
let R(F ) be the union of all cones Γ(x) with vertex x ∈ F . If O ⊂M is an
open set, the tent over O, denoted T (O), is the complement in M × (0,∞)
of R(M \O).
For a Hilbert space H, and a family F = (Ft)t>0 of measurable functions
from M to H, define
AαF (x) =
(∫
Γα(x)
|F (t, y)|2 dy
V (x, t)
dt
t
)1/2
.
Here, |F (t, y)| is the norm of F (t, y) := Ft(y) in H. When α = 1, we will
write A instead of A1. For 1 ≤ p < ∞, we define T 2,p(H) the set (modulo
equivalent classes) of such families F such that AF ∈ Lp(M), equipped with
the norm ||F ||T 2,p(H) = ||AF ||Lp(M). It is known (see [6]) that if the measure
on M is doubling (D), then a different choice of α gives rise to equivalent
norms, that is
||AαF ||p ≃ ||AF ||p,
for every 1 ≤ p < ∞. From now on, we will write T 2,p instead of T 2,p(H)
(in practice, the choice of H will be obvious). Let us remark that in the case
p = 2, if one assumes the doubling property (D), then the norm in T 2,2 is
equivalent to
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||F ||T 2,2 ≃
(∫ ∞
0
∫
M
|F (t, x)|2 dxdt
t
)1/2
.
In fact, one has the following more precise result:
Lemma 2.4. Assume (D). Then for every F ,
||F ||T 2,2 ≃
(∫ ∞
0
∫
M
|F (t, y)|2 dydt
t
)1/2
. (2.3)
If, moreover, for some ball B of radius r, F is supported in T (B), then∫
B
|AF |2 ≃
∫
T (B)
|F (t, y)|2 dydt
t
, (2.4)
and for every p > 2,
(∫
B
|AF |p
)2/p
≤ C
∫ r
0
dt
t
(∫
B
|F (t, y)|p dy
)2/p
. (2.5)
Proof. By Lemma 2.1, if d(x, y) ≤ t, then
V (x, t) ≃ V (y, t).
Thus, using the fact that for (t, y) fixed,
{x ∈M ; (t, y) ∈ Γ(x)} = B(y, t),
there holds
||F ||2T 2,2 = ||AF ||22 =
∫
M dx
∫
Γ(x) |F (t, y)|2 dyV (x,t) dtt
≃ ∫M dx ∫Γ(x) |F (t, y)|2 dyV (y,t) dtt
≃ ∫∞0 dtt ∫M |F (t, y)|2 V (y,t)V (y,t)dy
≃ ∫∞0 ∫M |F (t, y)|2 dy dtt .
This proves (2.3). If now F is supported in T (B), then for every x /∈ B,
AF (x) = 0. Therefore, ∫
B
|AF |2 =
∫
M
|AF |2.
Then, by (2.3),∫
B
|AF |2 ≃
∫ ∞
0
∫
M
|F (t, y)|2 dydt
t
=
∫
T (B)
|F (t, y)|2 dydt
t
,
which proves (2.4). If p > 2, then using successively Minkowski’s integral
inequality and Ho¨lder’s inequality,
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(∫
B |AF |p
)2/p ≤ (∫B dx(∫∞0 dtt 1V (x,t) ∫B(x,t) |F (t, y)|2 dy)p/2
)2/p
≤ ∫∞0 dtt
(∫
B
(
1
V (x,t)
∫
B(x,t) |F (t, y)|2 dy
)p/2)2/p
≤ ∫∞0 dtt (∫B 1V (x,t) ∫B(x,t) |F (t, y)|p dy)2/p
If (t, y) ∈ T (B), then
{x ∈ B : y ∈ B(x, t)} = B(y, t),
and therefore, using Lemma 2.1 and the fact that F is supported in T (B),
one has
(∫
B |AF |p
)2/p ≤ ∫ r0 dtt (∫{y : (t,y)∈T (B)} |F (t, y)|p V (y,t)V (x,t) dy)2/p
≤ C ∫ r0 dtt (∫{y : (t,y)∈T (B)} |F (t, y)|p dy)2/p
But it is clear that {y : (t, y) ∈ T (B)} ⊂ B, and therefore
(∫
B
|AF |p
)2/p
≤ C
∫ r
0
dt
t
(∫
B
|F (t, y)|p dy
)2/p
.

We now recall a result from [6], about the boundedness on T 2,p of some
maximal function: define the maximal function C by
CF (x) = sup
x∈T (B)
(∫
T (B)
|F (t, y)|2dydt
t
)1/2
,
where T (B) is the tent over the geodesic ball B. Then for p > 2, the maximal
function C is bounded on T 2,p:
Theorem 2.5 ([6], Theorem 3). Assume (D). Then for every 2 < p < ∞,
there exists a constant Cp > 0 such that, for every F ∈ T 2,p,
C−1p ||CF ||Lp ≤ ||F ||T 2,p ≤ Cp||CF ||Lp .
Also, there is a constant C such that for every x ∈M , and every F ,
CF (x) ≤ C (M (|AF |2) (x))1/2 . (2.6)
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In [6] this result is proved in the case of M = Rn, and the proof extends
to the homogeneous spaces setting. For the sake of completeness and since
inequality (2.6) will be of great use to us, we provide indications of a proof
which works also in the homogeneous spaces setting.
Proof of Theorem 2.5:
The inequality
||AF ||Lp ≤ Cp||CF ||Lp
for 2 < p < ∞ is a consequence of the duality of the tent spaces, which
extends to the case of homogeneous spaces (see Theorem 4.4 in [1] and the
proof of Theorem 3 in [6]). The inequality
C−1p ||CF ||Lp ≤ ||AF ||Lp
follows at one from (2.6) and the strong (p2 ,
p
2) type of the Hardy-Littlewood
maximal function. It remains to prove (2.6). By similar arguments than in
Lemma 2.4, one has, for any ball B,∫
T (B)
|F (t, y)|2dydt
t
≤ C
∫
B
|AF |2.
Therefore,
1
|B|
∫
T (B)
|F (t, y)|2dydt
t
≤ C inf
x∈B
M(|AF |2)(x).
Taking the supremum over the set of balls B containing a fixed point x ∈M
yields (2.6).

2.3. Hardy spaces. Now we recall the definition of Hardy spaces, follow-
ing [1]. Denote by D = d+ d⋆ the Dirac operator, and ∆k = dd
⋆ + d⋆d the
Laplacian acting on k−forms. For k = 0, we will simply write ∆ instead of
∆0.
First, let us consider the case p = 2. Define H2k = R(D) ∩ L2(ΛkT ⋆M)
L2
,
H2k,d = R(d) ∩ L2(ΛkT ⋆M)
L2
, H2k,d⋆ = R(d⋆) ∩ L2(ΛkT ⋆M)
L2
. They are
Hardy spaces of k−forms associated respectively to D, d and d⋆. We have
the orthogonal decomposition in L2(ΛkT ⋆M):
H2k = H
2
k,d ⊕⊥ H2k,d⋆,
and the Hodge decomposition
L2(ΛkT ⋆M) = H2k ⊕⊥ Hk,
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where
Hk = {ω ∈ L2(ΛkT ⋆M) : ∆kω = 0} = kerL2(D) ∩ L2(ΛkT ⋆M)
is the set of L2 harmonic k−forms. There is a description of these Hardy
spaces in term of tent spaces, which we describe now. For θ ∈ (0, π2 ), set
Σ0θ+ = {z ∈ C : | arg(z)| < θ},
Σ0θ = Σ
0
θ+ ∪ (−Σ0θ+).
Denote by H∞(Σ0θ) the algebra of holomorphic functions on Σ
0
θ. Given
σ, τ > 0, define Ψσ,τ (Σ
0
θ) to be the set of holomorphic functions ψ ∈ H∞(Σ0θ)
which satisfy
|ψ(z)| ≤ C inf(|z|σ , |z|−τ )
for some C > 0 and all z ∈ Σ0θ. Finally, let Ψ(σ0θ) =
⋃
Σ,τ>0Ψσ,τ (Σ
0
θ). For
ψ ∈ Ψ(Σ0θ), define
(Qψω)t = ψt(D)ω,
then Qψω belongs to the tent space T 2,2, and
||Qψω||T 2,2 ≃ ||ω||2,
for every ω ∈ H2k . More precisely,
Qψ : H2k → T 2,2
is an isomorphism, with inverse Sψ˜ defined by
Sψ˜H =
∫ ∞
0
ψ˜t(D)Ht
dt
t
,
where ψ˜ ∈ Ψ(Σ0θ) satisfies
∫∞
0 ψ˜(±t)ψ(±t)dtt = 1. There is a similar result
for H2k,d and H
2
k,d⋆: for ψ ∈ Ψ1,τ (Σ0θ), define
(Qd,ψω)t = tdϕt(D)ω,
and
(Qd⋆,ψω)t = td⋆ ϕt(D)ω,
where ϕ(z) = ψ(z)z . Then for every ω ∈ H2k,d (resp. H2k,d⋆), Qd⋆,ψω (resp.
Qd,ψω) belongs to T 2,2, and
||Qd⋆,ψω||T 2,2 ≃ ||ω||2 (resp. ||Qd,ψω||T 2,2 ≃ ||ω||2).
Moreover, Qd⋆,ψ : Hk,d → T 2,2 (resp. Qd,ψ : Hk,d⋆ → T 2,2) is an isomor-
phism, with inverse Sd,ψ˜ (resp. Sd⋆,ψ˜) given by
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Sd,ψ˜F =
∫ ∞
0
td φ˜t(D)F
dt
t
(resp. Sd⋆,ψ˜F =
∫ ∞
0
td⋆ φ˜t(D)F
dt
t
,
with ψ˜(z) = φ˜(z)z satisfying
∫∞
0 ψ˜(±t)ψ(±t)dtt = 1. An interesting choice
for us will be ϕ(z) = z2Me−z
2
for some integer M : for this choice of ϕ, the
functionals Qd,ψ and Qd⋆,ψ writes
(Qd,ψω)t = td (t∆k)Me−t∆kω,
and
(Qd⋆,ψω)t = td⋆ (t∆k)Me−t∆kω.
Now, let us turn to the definition of the Hardy spaces when p 6= 2. If
1 < p < 2 (resp. 2 < p < ∞), for any ψ ∈ Ψ1,β+1(Σ0θ) (resp. ψ ∈ Ψβ,2(Σ0θ))
the Hardy space Hpk is defined as the closure of
{ω ∈ H2k : ||Qψω||T 2,p <∞}
under the norm ||Qψω||T 2,p . It turns out that the above definition of Hpk is
actually independant of the choice of ψ in the considered class of holomorphic
functions (see Definition 5.5 and 5.6 in [1]). The Hardy spaces Hpk,d and
Hpk,d⋆ are defined similarly, replacing Qψ by Qd⋆,ψ and Qd,ψ respectively:
for example, if 1 < p < 2 (resp. 2 < p < ∞), for any ψ ∈ Ψ1,β+1(Σ0θ) (resp.
ψ ∈ Ψβ,2(Σ0θ)) the Hardy space Hpk,d is defined as the closure of
{ω ∈ H2k,d : ||Qd⋆,ψω||T 2,p <∞}
under the norm ||Qd⋆,ψω||T 2,p .
3. Our results
In this section, we explain our results in greater details. Our first result
concerns the boundedness of a generalised Lusin area integral. Define Q by
(Qf)t = t∇e−t2∆f.
Notice that Q = Qd,ψ with ψ(z) = ze−z2 . It is a classical result that in Rn,
for any 1 < p <∞,
Q : Lp → T 2,p
is bounded (see [12], p. 91). It is claimed in [1], Remark 6.5 that the same
result is true if the Hodge Laplacian on 1−forms ∆1 satisfies Gaussian es-
timates, i.e. if (Gk) holds for k = 1. The claim relies on an unpublished
manuscript of Auscher, Duong and McIntosh. Furthermore, it is a conse-
quence of [1], Corollary 6.3 that with the only assumption (D) on M , if
2 ≤ p <∞ and ψ ∈ Ψβ,2 (recall that β = [κ2 ] + 1), then
HARDY SPACES AND HEAT KERNEL REGULARITY 11
Qd,ψ : Lp → T 2,p
is bounded. Notice that in general, the function ψ(z) = ze−z2 does not
belong to Ψβ,2, and therefore Corollary 6.3 in [1] does not say anything
concerning the Lp → T 2,p boundedness of Q. Our first result in this paper
is that Lp gradient estimates for the heat kernel are essentially enough to
imply the Lp → T 2,p boundedness of Q:
Theorem 3.1. Let us assume that M satisfies the doubling property (D),
the scaled Poincare´ inequalities (P), and for some 2 < p < ∞ the gradient
estimate (∇p) for the heat kernel. Then for every 2 < q < p,
Q : Lq → T 2,q
is bounded.
The second result of this paper concerns the identification of some Hardy
space with Lp, for p ≥ 2. The Hardy spaces that we will look at are the
ones related to the Riesz transform d∆−1/2, that is Hp1,d. It is shown in [1],
Theorem 5.15 that for any 1 ≤ p ≤ ∞,
d∆−1/2 : Hp0 = H
p
0,d⋆ → Hp1,d
is an isomorphism.
If M is a connected, complete, non-compact Riemannian manifold sat-
isfying (D), then for 1 < p < ∞, the range of d⋆ : Λ1T ⋆M → Λ0T ⋆M
intersected with Lp, is equal to Lp: indeed if it is not the case, then there
exists a non-zero f ∈ Lq, 1p + 1q = 1 such that for any ω ∈ C∞0 (Λ1T ⋆M),
〈f, d⋆ω〉 = 0,
which implies that df = 0 in the weak (and thus, by elliptic regularity, in
the strong) sense, therefore f is constant and in Lq, and since by (D) M
has infinite volume, f is identically zero, which is a contradiction. Thus,
applying [1], Corollary 6.3, for any 2 ≤ p <∞,
Lp ⊂ Hp0
and
R(d) ∩ Lp(Λ1T ⋆M)L
p
⊂ Hp1,d,
where R(d) denotes the range of d. We show in the second result of this
paper that the Lp gradient estimates of the heat kernel are essentially enough
to prove that Hp1,d = R(d) ∩ Lp(Λ1T ⋆M)
Lp
:
12 BAPTISTE DEVYVER
Theorem 3.2. Assume that M is a complete Riemannian manifold satis-
fying the doubling property (D), the scaled Poincare´ inequalities (P) and for
some 2 < p < ∞ the gradient estimates (∇p) for the heat kernel. Then for
every 2 < q < p,
Hq1,d = R(d) ∩ Lq(Λ1T ⋆M)
Lq
.
Corollary 3.3. (= Main result)
Assume that M is a connected, complete, non-compact Riemannian mani-
fold satisfying the doubling property (D) and the scaled Poincare´ inequalities
(P). Then for every 2 < p0 <∞, the following are equivalent:
(1) For every p ∈ (2, p0),
Hp1,d = R(d) ∩ Lp(Λ1T ⋆M)
Lp
with equivalent norms.
(2) For every p ∈ (2, p0), the Riesz transform d∆−1/2 is bounded on Lp.
If one these two equivalent conditions is satisfied, then for every p ∈ (2, p0),
||u||p ≃ ||u||Hp ≃ ||d∆−1/2u||p, ∀u ∈ C∞0 (M).
Proof. Assume that the equality
Hp1,d = R(d) ∩ Lp(Λ1T ⋆M)
Lp
holds for every p ∈ (2, p0). Since, for every 2 ≤ p < ∞, Lp ⊂ Hp0 and the
Riesz transform is bounded from Hp0 to H
p
1,d, one gets that the Riesz trans-
form is bounded on Lp for every p ∈ (2, p0). This shows one implication of
the equivalence claimed in Corollary 3.3. For the converse implication: if we
assume that the Riesz transform is bounded on Lp for any p ∈ (2, p0), then
(see [2], it is the easy part of Theorem 1.3 therein) the gradient estimates
for the heat kernel (∇p) holds for any p ∈ (2, p0). Applying Theorem 3.2,
we get that the equality
Hp1,d = R(d) ∩ Lp(Λ1T ⋆M)
Lp
holds for any p ∈ (2, p0). This conclude the proof.

Remark 3.4. Theorem 3.2, together with the the fact that the Riesz trans-
form is Lp → Hp1,d bounded, allows us to recover the result of Theorem 1.3 in
[2], according to which, in the class of manifolds satisfying (D) and (P), the
gradient estimates (∇p) for the heat kernel implies the boundedness of the
Riesz transform on Lq for every 2 < q < p. Actually, our proof of Theorem
3.2 relies heavily on techniques developped in [2].
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4. Proof of Theorem 3.1
This section is devoted to the proof of Theorem 3.1. It relies on the
following result, in the spirit of [[2], Theorem 2.1], [[3], Theorem 2.3] and
[[10], Theorem 3.1]:
Proposition 4.1. Let T = (Tt)t>0 be a linear operator, bounded from L
2 to
T 2,2. Assume that there is p > 2 and α > 1 such that for every ball B, and
for every f ,
(
1
|B|
∫
B
A(χT (B)Tg)p
)1/p
≤ C
(
inf
x∈B
C(Tf)(x) + inf
x∈B
(M (f2))1/2 (x)) ,
(4.1)
where we have let g := (1−χαB)f . Then, for every 2 < q < p, T is bounded
from Lq to T 2,q.
The proof of Proposition 4.1 is given in the Appendix. Let us now give
the proof of Theorem 3.1:
Proof of Theorem 3.1:
We state a preliminary result:
Proposition 4.2. Assume that the measure is doubling (D), that the scaled
Poincare´ inequalities hold (P), and the gradient estimate of the heat kernel
(∇p). Then for every 2 < q < p, there is a constant C such that for every
f ,
(
1
|B|
∫
B
A(χT (B)Qg)q
)1/q
≤ C
(
inf
x∈B
C(Qf)(x) + inf
x∈B
(M (f2))1/2 (x)) ,
where we have let g := (1− χ16B)f .
Let us assume for the moment the result of Proposition 4.2. Proposition
4.2 implies that for the choice T = Q, the hypotheses of Proposition 4.1 are
satisfied. Therefore, by Proposition 4.1, Q is bounded from Lq to T 2,q, for
every 2 < q < p. This concludes the proof of Theorem 3.1.

Remark 4.3. Recall (Theorem 2.5) that the norm in T 2,q is given by
||F ||T 2,q = ||AF ||q ≃ ||CF ||q. If the following stronger inequality were true:
(
1
|B|
∫
B
A(Qg)p
)1/p
≤ C
(
inf
x∈B
C(Qf)(x) + inf
x∈B
(M (f2))1/2 (x)) , (4.2)
where g := (1−χαB)f , then an application of Theorem 2.3 in [3] – with the
choice T = AQ – would yield directly Theorem 3.1. However, we have been
unable to prove inequality (4.2), and in fact we feel that (4.2) does not hold.
14 BAPTISTE DEVYVER
Therefore, we have to adapt the argument of [3] in order to work with the
weaker inequality (4.1).
Proof of Proposition 4.2:
The proof is an elaboration on some arguments from [2]. Define F = Qg.
We will denote Ft = F (t, ·). Fix a ball B with radius r. By inequality (2.5)
in Lemma 2.4 applied to χT (B)F , there holds:
(
1
|B|
∫
B
A(χT (B)F )q
)2/q
≤ C
∫ r
0
dt
t
(
1
|B|
∫
B
|F (t, y)|q dy
)2/q
.
Arguments from [2] (more precisely, Lemma 3.2 and the proof of (3.12)
therein), relying on Lp off-diagonal estimates for the gradient of the heat
semi-group, lead to the following lemma, whose proof is postponed:
Lemma 4.4. For t ≤ r, the following inequality holds:
(
1
|B|
∫
B
|Ft|q
)1/q
≤ C
(r
t
)( 1
|4B|
∫
4B
|Ft/2|2
)1/2
+ C
∞∑
i=2
e−c2
i
Λ
1/2
i,t ,
where
Λi,t := sup
l=2,··· ,i+1
1
|2lB|
∫
2lB
|Ft/2|2.
Assuming for the moment the result of Lemma 4.4, let us finish the proof
of Proposition 4.2. By Lemma 4.4 and Minkowski’s inequality,
(
1
|B|
∫
B
A(χT (B)F )q
)1/q ≤ C (∫ r
0
dt
t
(
r
t
)2 1
|4B|
∫
4B
|Ft/2|2
)1/2
+C
∑∞
i=2 e
−c2i
(∫ r
0
dt
t Λi,t
)1/2
≤ I + II
We claim that
I ≤ C inf
x∈B
(M (f2) (x))1/2 (4.3)
and
II ≤ C inf
x∈B
C(F )(x). (4.4)
The validity of the inequalities (4.3) and (4.4) implies at once that the re-
sult of Proposition 4.2 holds. In order that the proof of Proposition 4.2 be
complete, it remains to prove inequalities (4.3) and (4.4).
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Step 1: estimate of I:
It is a consequence of the L2 off-diagonal estimates for Q. Let us denote
C1 = 16B, and for i ≥ 2, Ci := 2i+3B \ 2i+2B. Recall that g = (1−χ16B)f ,
and write
g =
∞∑
i=2
gχCi =
∞∑
i=2
gi,
where we have used the fact that g is zero on C1 = 16B. Then, using the L
2
off-diagonal estimates for Qt = t∇e−t∆ (Lemma 2.2), we get that for every
i ≥ 2, ∫
4B
|Qt/2gi|2 ≤ Ce−c4
i( rt )
2
∫
Ci
f2.
Therefore, using (D),
1
|4B|
∫
4B
|Qt/2(D)gi|2 ≤ C2ie−c4
i( rt )
2
(
1
|2i+3B|
∫
Ci
f2
)
.
By definition of the maximal function M,
1
|2i+3B|
∫
Ci
f2 ≤ 1|2i+3B|
∫
2i+3B
f2 ≤ inf
x∈B
M(f2)(x).
Consequently,
I ≤ ∑∞i=2 (∫ r0 dtt (rt )2 1|4B| ∫4B |Qt/2gi|2)1/2
≤ ∑∞i=2 (∫ r0 2i (rt )2 e−c4i( rt )2 dtt )1/2 (infx∈B (M(f2)(x))1/2) .
Next, for any t ≤ r,
2i
(r
t
)2
e−4
i( rt )
2
≤ Ce−c( rt )
2
e−c2
i( rt )
2
≤ Ce−c( rt )
2
e−c2
i
,
and thus, performing a change of variable,∫ r
0
2i
(
r
t
)2
e−4
i( rt )
2
dt
t ≤ Ce−c2
i
∫ 1
0
e−
c
u2
du
u
≤ Ce−c2i .
Therefore,
I ≤ C inf
x∈B
(M(f2)(x))1/2 ,
which proves (4.3).
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Step 2: estimate of II:
Performing a change of variables, we have
II ≤ C
∞∑
i=2
e−c2
i
(∫ r/2
0
du
u
Λi,2u
)1/2
.
If t ≤ r and y ∈ 2lB, then (t, y) ∈ T (2.2lB). Furthermore, by definition of
the maximal function C, we have
(
1
|2.2lB|
∫
T (2.2lB)
|F (t, y)|2 dt
t
dy
)1/2
≤ inf
x∈B
C(F )(x),
and therefore, by definition of Λi,t and using (D), for every i ≥ 2, there holds
(∫ r/2
0
du
u
Λi,2u
)1/2
≤ C inf
x∈B
C(F )(x).
Finally,
II ≤ C
( ∞∑
i=2
e−c2
i
)
inf
x∈B
C(F )(x) = C ′ inf
x∈B
C(F )(x).
This proves inequality (4.4), and concludes the proof of Proposition 4.2.

Proof of Lemma 4.4:
For the sake of completeness, we now give the proof of Lemma 4.4. As
we have already said, it is based on arguments from [2] (more precisely,
from Lemma 3.2 and the proof of (3.12) therein). Define ϕ(z) = e−
1
4
z2 , and
write
Ft = t∇e− 3t
2
4
∆ϕt(D)g
= t∇e− 3t
2
4
∆ (ϕt(D)g − (ϕt(D)g)4B)
where we have used the fact that under (D), e−t∆1 = 1. Let h := ϕt(D)g.
Notice that h depends on t, but we do not write this dependance in order
to keep the notation light. Define C1 = 4B and for i ≥ 2, Ci = 2i+1B \ 2iB.
Let finally hi = (h− h4B)χCi . We write
h− h4B =
∞∑
i=1
hi.
With these notations and applying Minkowski’s inequality, one has
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(
1
|B|
∫
B
|Ft|q
)1/q
≤
∞∑
i=1
(
1
|B|
∫
B
|t∇e− 3t
2
4
∆hi|q
)1/q
. (4.5)
By inequalities (2.1) and (2.2), there holds that for i = 1,
(
1
|B|
∫
B
|t∇e− 3t
2
4
∆h1|q
)1/q
≤ C
(
1
|4B|
∫
C1
|h1|2
)1/2
, (4.6)
and for every i ≥ 2,
(
1
|B|
∫
B
|t∇e− 3t
2
4
∆hi|q
)1/q
≤ Ce−c4i( rt )
2
(
1
|2i+1B|
∫
Ci
|hi|2
)1/2
. (4.7)
But by definition, ∫
Ci
|hi|2 ≤
∫
2i+1B
|h− h4B |2.
Next, write
|h− h4B | ≤ |h− h2i+1B |+
i∑
l=2
|h2lB − h2l+1B|.
Therefore, by Minkowski’s inequality,
(
1
|2i+1B|
∫
Ci
|hi|2
)1/2 ≤ ( 1|2i+1B| ∫2i+1B |h− h2i+1B |2)1/2
+
∑i
l=2 |h2lB − h2l+1B|.
Applying the Poincare´ inequality (P) on 2i+1B, we obtain
(
1
|2i+1B|
∫
2i+1B
|h− h2i+1B |2
)1/2
≤ C(2i+1r)
(
1
|2i+1B|
∫
2i+1B
|∇h|2
)1/2
.
Also, observe that, by Cauchy-Schwarz and the Poincare´ inequality (P) on
2l+1B, we have
|h2lB−h2l+1B | ≤
(
1
|2lB|
∫
2lB
|h− h2l+1B|2
)1/2
≤ C(2lr)
(
1
|2lB|
∫
2lB
|∇h|2
)1/2
.
As a consequence, for every i ≥ 1,
(
1
|2i+1B|
∫
Ci
|hi|2
)1/2
≤ C
i+1∑
l=2
2lr
(
1
|2lB|
∫
2lB
|∇h|2
)1/2
.
Now, notice that
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t
2
∇h = t
2
∇ϕt(D)g = Ft/2,
so that for every i ≥ 1,
(
1
|2i+1B|
∫
Ci
|hi|2
)1/2
≤ C
i+1∑
l=2
2l
(r
t
)( 1
|2lB|
∫
2lB
|Ft/2|2
)1/2
. (4.8)
From (4.5), (4.6), (4.7) and (4.8), we get that
(
1
|B|
∫
B |Ft|q
)1/q
≤ C
(
1
|4B|
∫
4B
|Ft/2|2
)1/2
+C
∑∞
i=2 e
−c4i( rt )
2∑i+1
l=2 2
l
(
r
t
) (
1
|2lB|
∫
2lB
|Ft/2|2
)1/2
.
(4.9)
Therefore, by definition of Λi,t,
(
1
|B|
∫
B
|Ft|q
)1/q
≤ C
(
1
|4B|
∫
4B
|Ft/2|2
)1/2
+C
∞∑
i=2
i2i+1
(r
t
)
e−c4
i( rt )
2
Λi,t.
But for t ≤ r and i ≥ 1, one has the elementary inequality
i2i+1
(r
t
)
e−c4
i( rt )
2
≤ Ce− c2( rt )
2
.
Thus, for t ≤ r,
(
1
|B|
∫
B
|Ft|q
)1/q
≤ C
(
1
|4B|
∫
4B
|Ft/2|2
)1/2
+ C
∞∑
i=2
e−c4
i( rt )
2
Λi,t,
which is precisely the result of Lemma 4.4.

5. Proof of Theorem 3.2
In this section, we prove Theorem 3.2. Let S be defined by
SH =
∫ ∞
0
t∇e−t2∆Htdt
t
.
Define also
QN = Qd⋆,ψ,
where ψ(z) = z2N+1e−z
2
. That is,
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QNω = (t2∆)Ne−t2∆(td⋆ω).
Theorem 3.2 is consequence of the following result:
Theorem 5.1. Assume that N ≥ 34κ. Then for every 2 < q < p, there
exists a constant C such that for every ω ∈ H21,d ∩Hq1,d,
||SQNω||Lq ≤ C||ω||Hq1,d .
Assuming for the moment the result of Theorem 5.1, let us give the proof
of Theorem 3.2:
Proof of Theorem 3.2:
Fix N ≥ 34κ. Let us define c > 0 by
c =
∫ ∞
0
t2N+2e−t
2 dt
t
.
Using the fact that for ω ∈ H21,d,
∆1ω = dd
⋆ω,
we get by the Spectral Theorem that for every ω ∈ H21,d, there holds:
c−1SQNω = ω.
Therefore, applying Theorem 5.1, we get for ω ∈ H21,d ∩Hq1,d that
||ω||Lq = c−1||SQNω||Lq
≤ C||ω||Hq1,d .
As a consequence, H21,d ∩ Hq1,d ⊂ R(d) ∩ Lq(Λ1T ⋆M). Since H21,d ∩ Hq1,d is
dense in Hq1,d, we get that
Hq1,d ⊂ R(d) ∩ Lq(Λ1T ⋆M)
Lq
.
But by [[1], Corollary 6.3], the reverse inclusion R(d) ∩ Lq(Λ1T ⋆M)L
q
⊂
Hq1,d always holds. Thus,
Hq1,d = R(d) ∩ Lq(Λ1T ⋆M)
Lq
.
This conclude the proof of Theorem 3.2.

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In the remaining part of this section, we prove Theorem 5.1.
Strategy of the proof of Theorem 5.1:
We will denote F = QNω. Our proof is inspired by the proof of [[2], The-
orem 1.3]. Let us explain roughly the strategy. Define the “regularizing
operator” Ar by
Ar = I − (I − e−r2∆)n,
where n is an integer which will be chosen big enough later. We will show
that for some “maximal function” Gγ (to be specified later), the following
pair of inequalities holds for any ball B of radius r:
(
1
|B|
∫
B
|S(I −Ar)F |2
)1/2
≤ C inf
x∈B
GγF (x)
and
(
1
|B|
∫
B
|SArF |q
)1/q
≤ C inf
x∈B
(M (|SF |2) (x))1/2 .
Her, M is the Hardy-Littlewood maximal function. Once this is done, the
proof of Theorem 5.1 follows by arguments similar to [[2], Theorem 2.1]
or [[3], Proposition 3.2 and Corollary 3.3]. The rest of this section will be
devoted to make the above arguments more precise. First, we define the
maximal function Gγ . For 0 ≤ j ≤ n, define
F j := (t2∆)N+je−t
2∆(td⋆ω).
Then we let
GγH =
(M (|AγH|2))1/2 ,
where we recall thatAγ is the function corresponding toA when the aperture
of the cone is chosen to be γ > 0. Finally, we define
GγF =
∑
0≤j≤n
GγF j.
With this settled, we prove:
Proposition 5.2. Assume (∇p), n ≥ 34κ and N ≥ n. Then there is γ > 0
such that for every 2 < q < p and for every ball B of radius r, there holds:
(
1
|B|
∫
B
|S(I −Ar)F |2
)1/2
≤ C inf
x∈B
GγF (x) (5.1)
and
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(
1
|B|
∫
B
|SArF |q
)1/q
≤ C inf
x∈B
(M (|SF |2) (x))1/2 . (5.2)
Let us first show how Theorem 5.1 follows, assuming the result of Propo-
sition 5.2:
End of the proof of Theorem 5.1:
Let us fix 2 < q < p. Proposition 5.2 allows us to apply Proposition 3.2 and
Corollary 3.3 from [3] with the choice F = |SF |2, GB = 2|S(I − Ar)F |2,
HB = 2|SArF |2 and G = GγF , in order to obtain
||F|| q
2
≤ ||MF|| q
2
≤ C||G|| q
2
.
By definition,
||F|| q
2
= ||SQNω||2q.
Using the strong ( q2 ,
q
2) type of the maximal operator M, we have
||G|| q
2
≤ ∑0≤j≤n ||M|AγF j |2|| q2
≤ C∑0≤j≤n ||AγF j ||2q
≤ C∑0≤j≤n ||F j ||2T 2,q ,
where we have used the fact that under (D), different angles in the definition
of the tent space T 2,q give rise to equivalent norms (see Proposition 4 in [6]).
Recall that F j = (t2∆)N+je−t
2∆(td⋆ω). According to the results of [1] (see
Definition 5.6 therein), for every M ≥ β2 (recall that β = [κ2 ] + 1),
||ω||Hq1,d ≃ ||(t
2∆)Me−t
2∆(td⋆ω)||T 2,q .
Since for every 0 ≤ j ≤ n, there holds that N + j ≥ 34κ ≥ β2 , we get by
definition of F j that
∑
0≤j≤n
||F j ||2T 2,q ≤ C||ω||2Hq1,d .
Therefore,
||SQNω||q ≤ C||ω||Hq1,d .
The proof of Theorem 5.1 is complete.

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Proof of Proposition 5.2:
Let us begin by establishing (5.2), which follows directly from results in
[2]. Notice that Ar is a sum of terms of the form Cke
−kr2∆, for 1 ≤ k ≤ n.
It is thus enough to prove that for any 1 ≤ k ≤ n,
(
1
|B|
∫
B
|Se−kr2∆F |q
)1/q
≤ C inf
x∈B
(M (|SF |2) (x))1/2 . (5.3)
By definition of S,
(
1
|B|
∫
B
|Se−kr2∆F |q
)1/q
=
(
1
|B|
∫
B
|∇e−kr2∆g|q
)1/q
,
where
g :=
∫ ∞
0
te−t
2∆Ft
dt
t
.
According to Equation (3.12) in [2], there holds:
(
1
|B|
∫
B
|∇e−kr2∆g|q
)1/q
≤ C inf
x∈B
(M (|∇g|2) (x))1/2 .
But
∇g =
∫ ∞
0
t∇e−t2∆Ft dt
t
= SF,
hence (5.3).
Now, we will be concerned with the more difficult task of establishing
(5.1). Again, this relies on ideas developped in [2]. In the proof, C and c
will design generic constants, whose value can change from a line to another.
Expanding the term I − Ar = (I − e−r2∆)n and performing a change of
variable for each term appearing in the sum, we get
S(I −Ar)F =
∫ ∞
0
(∑n
k=0(−1)k
(n
k
)
χ{t>
√
kr} t∇e−t
2∆
F√
t2−kr2√
t2−kr2
)
dt
= S1 + S2,
(5.4)
where S1 (resp. S2) corresponds to the integral being taken from 0 to Ar
(resp. from Ar to ∞), where the value of A ≥ √n+ 1 will be precised later.
We will separately estimate
(
1
|B|
∫
B |S1|2
)1/2
and
(
1
|B|
∫
B |S2|2
)1/2
.
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Step 1: estimate of
(
1
|B|
∫
B |S1|2
)1/2
:
We claim that
Lemma 5.3. The following inequality takes place:
(
1
|B|
∫
B
|S1|2
)1/2
≤ C inf
x∈B
CF (x).
The proof of Lemma 5.3 is technical, and is postponed until the end of
this section.
Step 2: estimate of
(
1
|B|
∫
B |S2|2
)1/2
:
Let us define
f(s) = t∇e−t2∆ F
√
t2−s√
t2 − s .
Then, f(kr2) = t∇e−t2∆ F
√
t2−kr2√
t2−kr2 is the term appearing in the integrand of
(5.4). We have, by the Taylor formula for f around 0:
f(kr2) =
n−1∑
l=0
f (l)(0)
l!
klr2l +
knr2n
(n− 1)!
∫ 1
0
(1− u)n−1f (n)(ukr2) du (5.5)
Replacing f(kr2) by its expression given by (5.5) in the sum
∑n
k=0(−1)k
(
n
k
)
f(kr2),
and using the fact that for every integer 0 ≤ l ≤ n− 1,
n∑
k=0
(−1)k
(
n
k
)
kl = 0,
(see [[8], Problem 16, p. 65]), we obtain
(
1
|B|
∫
B
|S2|2
)1/2
≤ C
∫ ∞
Ar
r2n sup
s∈[0,nr2]
(
1
|B|
∫
B
|f (n)(s)|2
)1/2
dt.
Let us now compute f (n)(s): recalling that Ft = (t
2∆)Ne−t2∆td⋆ω, we have
f(s) = (t2 − s)−1/2t∇e−t2∆ ((t2 − s)∆)N e−(t2−s)∆d⋆ω,
and thus, assuming that N > n,
f (n)(s) =
1
(t2 − s)n+ 12
∑
j≤n
C(j, n,N)t∇e−t2∆F j√
t2−s, (5.6)
where we recall that by definition, F jt = (t
2∆)N+je−t
2∆td⋆ω. We claim:
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Lemma 5.4. There exists γ > 1 such that for every H ∈ T 2,2,
∫ ∞
Ar
r2n sup
s∈[0,nr2]
1
|B|1/2
∣∣∣∣∣
∣∣∣∣∣ 1(t2 − s)n+ 12 t∇e−t
2∆H√t2−s
∣∣∣∣∣
∣∣∣∣∣
L2(B)
dt ≤ C inf
x∈B
GγH(x),
(recall that GγH :=
(M (|AγH|2))1/2).
The proof of Lemma 5.4 is given below. Assuming it for the moment, and
applying it to H = F j for every 0 ≤ j ≤ n, we obtain that by definition of
Gγ ,
(
1
|B|
∫
B
|S2|2
)1/2
≤ C inf
x∈B
∑
GγF j = C inf
x∈B
GγF (x). (5.7)
From Lemma 5.3 and inequality (2.6), we get
(
1
|B|
∫
B
|S1|2
)1/2
≤ C inf
x∈B
(M (|AF |2) (x))1/2 . (5.8)
As consequence of (D), since γ > 1, there is a constant C such that for every
F ,
AF ≤ CAγF,
By (5.7) and (5.8), we thus obtain (5.1), and the proof of Proposition 5.2 is
complete.

Proof of Lemma 5.3:
Define C1 = 4B, and for i ≥ 2, Ci = 2i+1B \ 2iB. Decomposing
Ft =
∞∑
i=0
χCiFt =
∞∑
i=0
Fi,t,
we have by Minkowski’s inequality (with an obvious definition of S1,i in
which Fi appears instead of F )
(
1
|B|
∫
B
|S1|2
)1/2
≤
∞∑
i=1
(
1
|B|
∫
B
|S1,i|2
)1/2
.
Our task is thus to estimate each term of this sum. We first consider the
case i = 1. First, notice that
(
1
|B|
∫
B
|S1,i|2
)1/2
≤
(
1
|B|
∫
B
∣∣S(I −Ar) (χ(0,Ar)×4BF )∣∣2
)1/2
.
It is easy to see that (0, Ar)× 4B ⊂ T ((A+ 4)B), and thus
HARDY SPACES AND HEAT KERNEL REGULARITY 25
(
1
|B|
∫
B
|S1,i|2
)1/2
≤
(
1
|B|
∫
B
|S(I −Ar)
(
χT ((A+4)B)F
) |2)1/2 .
We claim that S(I −Ar) is bounded from T 2,2 to L2. Indeed, S is bounded
from T 2,2 to L2, and it is enough to see that (I − Ar) is bounded on T 2,2.
Since I − Ar is a sum of terms of the form Cke−kr2∆ for 1 ≤ k ≤ n, this
follows from the fact that for any 1 ≤ k ≤ n, and every H ∈ T 2,2, using
(2.3),
||e−kr2∆H||T 2,2 ≃
(∫ ∞
0
∫
M
|e−kr2∆Ht(x)|2 dxdtt
)1/2
=
(∫ ∞
0
||e−kr2∆Ht||22 dtt
)1/2
≤
(∫ ∞
0
||Ht||22 dtt
)1/2 ≃ ||H||T 2,2 ,
where we have used the fact that the semi-group e−t∆ is contractive on L2.
Therefore,
||S(I −Ar)
(
χT ((A+4)B)F
) ||L2(B) ≤ C||χT ((A+4)B)F ||T 2,2 .
Using (D), we obtain by definition of the maximal function C that
1
|B|1/2 ||χT ((A+4)B)F ||T 2,2 ≤ C infx∈B CF (x).
This implies that
(
1
|B|
∫
B
|S1,1|2
)1/2
≤ C inf
x∈B
CF (x).
Let us now turn to the case i ≥ 2. By (5.4) and Minkowski’s integral
inequality, we have
(
1
|B|
∫
B
|S1,i|2
)1/2
≤ C
n∑
k=0
∫ Ar
r
√
k
(
1
|B|
∫
B
∣∣∣t∇e−t2∆Fi,√t2−kr2∣∣∣2
)1/2 dt√
t2 − kr2 .
Using the L2 off-diagonal estimates for t∇e−t2∆ (Lemma 2.2), we get
(
1
|B|
∫
B
|S1,i|2
)1/2 ≤ C∑nk=0 ∫ Arr√k e−c4i( rt )2 1|B|1/2 ∣∣∣∣∣∣F√t2−kr2∣∣∣∣∣∣L2(Ci) dt√t2−kr2
≤ C
∫ Ar
0
e−c4
i( rt )
2
1
|B|1/2 ||Ft||L2(Ci) dtt
+Ce−c4
i∑n
k=1
∫ Ar
r
√
k
1
|B|1/2
∣∣∣∣∣∣F√t2−kr2∣∣∣∣∣∣L2(Ci) dt√t2−kr2 .
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For k ≥ 1, we have by a change of variables and using the fact that 1t ≥ Cr
on (r,Ar):
∫ Ar
r
√
k
1
|B|1/2
∣∣∣∣∣∣F√t2−kr2∣∣∣∣∣∣L2(Ci) dt√t2−kr2 ≤ Cr
∫ r√A2−k
0
1
|B|1/2 ||Ft||L2(Ci)dt
≤ Cr
(∫ Ar
0
tdt
)1/2
×
(∫ Ar
0
1
|B| ||Ft||2L2(Ci)
dt
t
)1/2
.
But it is easy to see that Ci× (0, Ar) ⊂ T
(
(2i+1 +A)B
) ⊂ T (A2i+1B), and
thus using (D),
∫ Ar
0
(
1
|B| ||Ft||2L2(Ci)
dt
t
)1/2 ≤ ( |A 2i+1B||B| )1/2
×
(
1
|A2i+1B|
∫
T (A2i+1B)
|F (t, x)|2 dxdtt
)1/2
≤ C2iκ/2 infx∈B CF (x).
(5.9)
Therefore,
n∑
k=1
∫ Ar
√
kr
1
|B|1/2
∣∣∣∣∣∣F√t2−kr2∣∣∣∣∣∣L2(Ci) dt√t2 − kr2 ≤ C2iκ/2 infx∈B CF (x).
For k = 0, we use successively Cauchy-Schwarz inequality, the inequality
ec4
i( rt )
2
≤ e−C4ie−C4i( rt )
2
which holds for every t ≤ Ar, and inequality (5.9)
in order to get:
∫ Ar
0
e−c4
i( rt )
2
1
|B|1/2 ||Ft||L2(Ci) dtt ≤
(∫ Ar
0 e
−c4i( rt )
2
dt
t
)1/2
×
(∫ Ar
0
1
|B| ||Ft||2L2(Ci) dtt
)1/2
≤ Ce−C4i2iκ/2 infx∈B CF (x).
Finally, we obtain
(
1
|B|
∫
B
|S1,i|2
)1/2
≤ Ce−C4i2iκ/2 inf
x∈B
CF (x).
Summing on i, we get
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(
1
|B|
∫
B
|S1|2
)1/2 ≤ ∑∞i=1 ( 1|B| ∫B |S1,i|2)1/2
≤ C
(∑∞
i=1 e
−C4i2iκ/2
)
infx∈B CF (x)
≤ C infx∈B CF (x).
This concludes the proof of Lemma 5.3.

Proof of Lemma 5.4:
First, since 1
t2−nr2 ≤ C 1t2 for every t > Ar, we get
∫ ∞
Ar
r2n sups∈[0,nr2]
1
|B|1/2
∣∣∣∣
∣∣∣∣ 1(t2−s)n+12 t∇e−t2∆H√t2−s
∣∣∣∣
∣∣∣∣
L2(B)
dt
≤ C
∫ ∞
Ar
(
r
t
)2n
sups∈[0,nr2]
1
|B|1/2
∣∣∣∣∣∣t∇e−t2∆H√t2−s∣∣∣∣∣∣L2(B) dtt .
From now on, we fix s ∈ [0, nr2]. Let λ ∈ (0, 1) be such that Aλ ≥ 1 (the
value of λ will be precised later). Denote Bt :=
t
rB = B(xB , t), then for
every t ≥ Ar and for every real function ϕ, there holds, using (D),
1
|B|1/2 ||ϕ||L2(B) ≤
( |λBt|
|B|
)1/2
1
|λBt|1/2 ||ϕ||L2(λBt)
≤ C ( tr)κ/2 1|λBt|1/2 ||ϕ||L2(λBt).
(5.10)
Applying inequality (5.10) with ϕ = t∇e−t2∆H√t2−s, we obtain, denoting
α = 2n − κ2 ,∫ ∞
Ar
(
r
t
)2n
sups∈[0,nr2]
1
|B|1/2
∣∣∣∣∣∣t∇e−t2∆H√t2−s∣∣∣∣∣∣L2(B) dtt
≤ C
∫ ∞
Ar
(
r
t
)α 1
|λBt|1/2
∣∣∣∣∣∣t∇e−t2∆H√t2−s∣∣∣∣∣∣L2(λBt) dtt
.
Denote C1t = B(xB, 4t+ 4r) and for i ≥ 2,
Cit = B(xB, 4t+ 2
i+1r) \B(xB, 4t+ 2ir).
Notice that for every i ≥ 2,
d(Cit , 4Bt) = 2
ir.
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Ht =
∞∑
i=1
χCitHt =
∞∑
i=1
Hi,t.
We have by Minkowski’s inequality
∫ ∞
Ar
(
r
t
)α 1
|λBt|1/2
∣∣∣∣∣∣t∇e−t2∆H√t2−s∣∣∣∣∣∣L2(λBt) dtt
≤ ∑∞i=1 ∫ ∞Ar ( rt )α 1|λBt|1/2 ∣∣∣∣∣∣t∇e−t2∆Hi,√t2−s∣∣∣∣∣∣L2(λBt) dtt
It is enough to estimate each term in the above sum. We begin with the
case i = 1, for which the choice of λ has no importance. Using the fact that
for t ≥ r, H1,t is supported in C1t ⊂ 8Bt and the uniform boundedness on
L2 of t∇e−t2∆, we get
∣∣∣∣∣∣t∇e−t2∆H1,√t2−s∣∣∣∣∣∣L2(λBt) ≤
∣∣∣∣∣∣t∇e−t2∆H1,√t2−s∣∣∣∣∣∣2
≤ C
∣∣∣∣∣∣H1,√t2−s∣∣∣∣∣∣2 = C
∣∣∣∣∣∣H√t2−s∣∣∣∣∣∣L2(8B√
t2−s
)
.
By a change of variable and (D), we obtain∫ ∞
Ar
(
r
t
)α 1
|λBt|1/2
∣∣∣∣∣∣t∇e−t2∆H1,√t2−s∣∣∣∣∣∣2 dtt
≤ C
∫ ∞√
A2r2−s
(
r
t
)α 1
|8Bt|1/2 ||Ht||L2(8Bt)
dt
t
≤ C
∫ ∞
r
(
r
t
)α 1
|8Bt|1/2 ||Ht||L2(8Bt)
dt
t
Applying Cauchy-Schwarz’s inequality,∫ ∞
Ar
(
r
t
)α 1
|λBt|1/2
∣∣∣∣∣∣t∇e−t2∆H1,√t2−s∣∣∣∣∣∣2 dtt
≤
(∫ ∞
r
(
r
t
)2α dt
t
)1/2 (∫ ∞
r
1
|8Bt| ||Ht||2L2(8Bt) dtt
)1/2
≤ C
(∫ ∞
r
1
|8Bt| ||Ht||2L2(8Bt) dtt
)1/2
We claim that
∫ ∞
r
1
|8Bt| ||Ht||
2
L2(8Bt)
dt
t
≤ C inf
x∈B
(M (|A16H|2) (x))1/2 . (5.11)
Indeed, let us compute
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1
|B|
∫
B
|A16H|2 = 1|B|
∫
B
∫ ∞
0
dt
t
1
V (x, 16t)
∫
B(x,16t)
|H|2.
Notice that for every x ∈ B and every t > r, 8Bt ⊂ B(x, 16t). Also, by
Lemma 2.1, V (x, 16t) ≃ |8Bt|. Therefore,
inf
x∈B
M (|A16H|2) (x) ≥ 1|B|
∫
B
|A16H|2 ≥ C
∫ ∞
r
dt
t
1
|8Bt|
∫
8Bt
|H(t, y)|2 dy,
which is what has been claimed. Consequently,
∫ ∞
Ar
(r
t
)α 1
|λBt|1/2
∣∣∣∣∣∣t∇e−t2∆H1,√t2−s∣∣∣∣∣∣L2(λBt) dtt ≤ C infx∈B
(M (|A16H|2) (x))1/2 .
Let us now turn to the case i ≥ 2. By a change of variables, we get∫ ∞
Ar
(
r
t
)α 1
|λBt|1/2
∣∣∣∣∣∣t∇e−t2∆Hi,√t2−s∣∣∣∣∣∣L2(λBt) dtt
≤ C
∫ ∞
Ar−√s
(
r
t
)α 1
|λB√
t2+s
|1/2
∣∣∣∣∣∣√t2 + s∇e−(t2+s)∆Hi,t∣∣∣∣∣∣
L2
(
λB√
t2+s
) dt
t
But there is a constant c such that for every t ≥ r and every s ∈ [0, nr2],
B√t2+s ⊂ Bct. Choosing λ ≤ c−1 (and A big enough so that Aλ ≥ 1), and
using (D), we get∫ ∞
Ar
(
r
t
)α 1
|λBt|1/2
∣∣∣∣∣∣t∇e−t2∆Hi,√t2−s∣∣∣∣∣∣L2(λBt) dtt
≤ C
∫ ∞
r
(
r
t
)α 1
|Bt|1/2
∣∣∣∣∣∣√t2 + s∇e−(t2+s)∆Hi,t∣∣∣∣∣∣
L2(Bt)
dt
t
Using the L2 off-diagonal estimates (Lemma 2.2) and Cauchy-Schwarz, we
obtain∫ ∞
Ar
(
r
t
)α 1
|λBt|1/2
∣∣∣∣∣∣t∇e−t2∆Hi,√t2−s∣∣∣∣∣∣L2(λBt) dtt
≤
∫ ∞
r
(
r
t
)α 1
|Bt|1/2 ||Ht||L2(Cit)e
−c4i( rt )
2
dt
t
≤
(∫ ∞
r
(
r
t
)α 1
|Bt| ||Ht||2L2(Cit)
dt
t
)1/2 (∫∞
r
(
r
t
)α
e−c4
i( rt )
2
dt
t
)1/2
≤ C4−αi
(∫ ∞
r
(
r
t
)α 1
|Bt| ||Ht||2L2(Cit)
dt
t
)1/2
We claim that for α ≥ κ,
30 BAPTISTE DEVYVER
(∫ ∞
r
(r
t
)α 1
|Bt| ||Ht||
2
L2(Cit)
dt
t
)1/2
≤ C2iκ/2 inf
x∈B
(M (|A4H|2) (x))1/2 .
(5.12)
Indeed, we compute that∫
2i+2B
|A4H|2 ≥
∫ ∞
r
dt
t
∫
2i+2B
dx
∫
B(x,4t)
|H(t, y)|2 dy
V (y, 4t)
.
For every (t, y) ∈ Cit , there exists y′ ∈ B(y, 4t) such that B
(
y′, r2
) ⊂ 2i+2B
and for every z ∈ B (y′, r2), y ∈ B(z, 4t): just take y′ lying on a minimizing
geodesic going from xB to y, such that d(y, y
′) = 4t− r2 . Therefore,∫
2i+2B
|A4H|2 ≥
∫ ∞
r
dt
t
∫
Cit
|H(t, y)|2V
(
y′, r2
)
V (y, 4t)
dy.
But by Lemma 2.1, V (y′, 4t) ≃ V (y, 4t), and therefore using (D), we get∫
2i+2B
|A4H|2 ≥ C
∫ ∞
r
(r
t
)κ
||Ht||2L2(Cit )
dt
t
.
By (D), if t ≥ r,
1
|2i+2B| =
|Bt|
|2i+2B|
1
|Bt|
≥ min (1, ( t
2i+2r
)κ) 1
|Bt|
≥ C 2−iκ|Bt|
Therefore, if α ≥ κ,
(∫ ∞
r
(
r
t
)α 1
|Bt| ||H it ||2L2(Cit)
dt
t
)1/2
≤ 2iκ/2
(
1
|2i+2B|
∫
2i+2B
|A4H|2
)1/2
≤ C2iκ/2 infx∈B
(M (|A4H|2) (x))1/2 ,
which ends the proof of inequality (5.12). Now, we can finally prove Lemma
5.4. Indeed, by (5.11) and (5.12), we have (for our choosen values of λ and
A)
∑∞
i=1
∫∞
Ar
(
r
t
)α 1
|λBt|1/2
∣∣∣∣∣∣t∇e−t2∆H i√
t2−s
∣∣∣∣∣∣
L2(λBt)
dt
t
≤ C infx∈B
(M (|A16H|2) (x))1/2
+
(∑∞
i=2 2
iκ/24−αi
)
infx∈B
(M (|A4H|2) (x))1/2
Thus, since α > κ4 , we get
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∑∞
i=1
∫∞
Ar
(
r
t
)α 1
|λBt|1/2
∣∣∣∣∣∣t∇e−t2∆H i√
t2−s
∣∣∣∣∣∣
L2(λBt)
dt
t
≤ C infx∈B
(M (|A16H|2) (x))1/2 + C infx∈B (M (|A4H|2) (x))1/2
By an easy consequence of (D), there is a constant C such that for every H,
A4H ≤ CA16H.
Therefore,
∞∑
i=1
∫ ∞
Ar
(r
t
)α 1
|λBt|1/2
∣∣∣∣∣∣t∇e−t2∆H i√
t2−s
∣∣∣∣∣∣
L2(λBt)
dt
t
≤ C inf
x∈B
(M (|A16H|2) (x))1/2 .
This shows Lemma 5.4, with γ = 16.

6. Appendix
In this Appendix, we prove Proposition 4.1. The proof is an adaptation
of the proof of [[3], Theorem 2.3]. It relies on the following:
Proposition 6.1. Let F and G be given, such that for every ball B, one
can find non-negative, measurable functions GB and HB such that
F = GB +HB a.e. on T (B),
and satisfying
(
1
|B|
∫
B
{A(χT (B)HB)}p
)1/p
≤ C
(
inf
x∈B
CF (x) + inf
x∈B
G(x)
)
,
and
(
1
|B|
∫
B
{A (χT (B)GB)}2
)1/2
≤ C inf
x∈B
G(x).
For 2 < q < p, there is a constant C independant of the choice of F and G
such that if ||G||q <∞ and ||F ||T 2,2 <∞, then
||F ||T 2,q ≤ C||G||q.
Assuming for the moment the result of Proposition 6.1, let us conclude
the proof of Proposition 4.1.
Proof of Proposition 4.1:
Define F = Tf , GB = T (χαBf) and HB = T ((1− χαB)f). Define finally
G =
(M(f2))1/2. By linearity of T , one has
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F = GB +HB.
By hypothesis,
(
1
|B|
∫
B
{A(χT (B)HB)}p
)1/p
≤ C
(
inf
x∈B
CF (x) + inf
x∈B
G(x)
)
.
We claim that there also holds that
(
1
|B|
∫
B
{A (χT (B)GB)}2
)1/2
≤ C inf
x∈B
G(x). (6.1)
Once (6.1) is shown, the proof of Proposition 4.1 is completed by applying
Proposition 6.1 to our choice of F , GB , HB and G. Indeed, Proposition 6.1
then gives
||F ||T 2,q ≤ C||G||q.
Using the strong ( q2 ,
q
2) type of the Hardy-Littlewood maximal function, one
has
||G||q =
∣∣∣∣∣∣(M(f2))1/2∣∣∣∣∣∣
q
≤ C||f ||q,
and thus
||F ||T 2,q ≤ C||f ||q.
By definition of F we obtain
||Tf ||T 2,q ≤ C||f ||q.
This concludes the proof of Proposition 4.1, upon proving inequality (6.1).
We now proves (6.1). Applying successively (2.4) and (2.3), one has
(
1
|B|
∫
B A
(
χT (B)GB
)2)1/2 ≤ C ( 1|B| ∫T (B) |GB(t, y)|2 dy dtt )1/2
≤ C|B|1/2 ||GB ||T 2,2 .
By definition of GB , the fact that T is bounded from L
2 to T 2,2, and (D),
one has
(
1
|B|
∫
B A
(
χT (B)GB
)2)1/2 ≤ C|B|1/2 ||χαBf ||2
≤ C
(
1
|αB|
∫
αB |f |2
)1/2
.
Recalling that G =
(M (f2))1/2, we obtain
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(
1
|B|
∫
B
A (χT (B)GB)2
)1/2
≤ inf
x∈B
G(x).
This completes the proof of (6.1), and of Proposition 4.1.

It only remains to prove Proposition 6.1. We split the proof in a sequence
of lemmas. First, we begin by a localization lemma:
Lemma 6.2 (Localization). There exists K0 depending only on the doubling
constant, with the following property: if x¯ ∈ B is such that CF (x¯) ≤ λ, then
for every K ≥ K0,
{χB CF > Kλ} ⊂
{
C (χT (3B)F ) > KK0λ
}
.
Proof. We first prove that
CF ≤ K0CcF, (6.2)
where Cc is the centered maximal function defined by
CcF (x) = sup
t>0
1
V (x, t)
∫
T (B(x,t))
|F (t, y)|2 dydt
t
.
For this, we notice that if x ∈ B(x0, t), then B(x0, t) ⊂ B(x, 3t). Thus,
using (D),
1
|B(x0,t)|
∫
T (B(x0,t))
|F (t, y)|2 dy dtt ≤ 1|B(x0,t)|
∫
T (B(x,3t)) |F (t, y)|2 dy dtt
≤ K0 1|B(x,3t)|
∫
T (B(x,3t)) |F (t, y)|2 dy dtt .
≤ K0CcF (x).
Taking the supremum with respect to the set of balls B(x0, t) containing x,
we obtain (6.2). Now, let x ∈ B such that CF (x) > Kλ. By (6.2), there is
t > 0 such that
1
V (x, t)
∫
T (B(x,t))
|F (t, y)|2 dydt
t
>
K
K0
λ. (6.3)
Furthermore, x¯ /∈ B(x, t) since CF (x¯) ≤ λ ≤ KK0λ. Therefore, B(x, t) ⊂ 3B.
Consequently,
1
V (x, t)
∫
T (B(x,t))
|F (t, y)|2 dydt
t
=
1
V (x, t)
∫
T (B(x,t))
|χT (3B)F (t, y)|2 dy
dt
t
,
which, together with (6.3), yields that C(χT (3B)F )(x) > KK0λ.

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We continue with the following good-λ inequalities, analogue of Proposi-
tion 3.2 in [3] :
Lemma 6.3 (Good-λ inequalities). Assume that for every ball B, one can
find GB and HB such that
F = GB +HB a.e. on T (B),
and satisfying
(
1
|B|
∫
B
{A(χT (B)HB)}p
)1/p
≤ C
(
inf
x∈B
CF (x) + inf
x∈B
G(x)
)
,
and
(
1
|B|
∫
B
{A (χT (B)GB)}2
)1/2
≤ C inf
x∈B
G(x).
Then for every λ > 0, K > K0 and γ ≤ 1,
|{CF > Kλ, G ≤ γλ}| ≤ C
(
1
Kp
+
γ2
K2
)
|{CF > λ}| ,
provided that {CF > λ} is a proper subset of M .
Proof. Let Eλ = {CF > λ}. It is a proper, open subset of M . We write a
Whitney covering for Eλ:
Eλ =
⋃
i
Bi,
that is the Bi are balls with the finite intersection property, and there is a
constant c > 1 with the following property: for every i, there is x¯i ∈ cBi
such that x¯i /∈ Eλ. Define
Bλ = {CF > Kλ, G ≤ γλ}.
Then
|Bλ| ≤
∑
i
|Bλ ∩Bi| ≤
∑
i
|Bλ ∩ cBi|.
Assume that Bλ∩ cBi 6= ∅, and let y¯i ∈ Bλ∩ cBi. By the localisation lemma
(Lemma 6.2),
|Bλ ∩ cBi| ≤
∣∣∣∣
{
C(χT (3cBi)F ) >
K
K0
λ
}∣∣∣∣ .
Denote Gi := G3cBi and Hi := H3cBi . Then, since F = Gi+Hi on T (3cBi),
there holds
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∣∣∣{C(χT (3cBi)F ) > KK0λ
}∣∣∣ ≤ ∣∣∣{C(χT (3cBi)Gi) > K2K0λ
}∣∣∣
+
∣∣∣{C(χT (3cBi)Hi) > K2K0λ
}∣∣∣ .
Let us first estimate the term
∣∣∣{C(χT (3cBi)Gi) > K2K0λ
}∣∣∣: using inequality
(2.6) and the weak (1, 1) type of the Hardy-Littlewood maximal function,
there holds:
∣∣∣{C(χT (3cBi)Gi) > K2K0λ
}∣∣∣ ≤ ∣∣∣∣
{(
M (A(χT (3cBi)Gi))2)1/2 > C K2K0λ
}∣∣∣∣
≤ C
(Kλ)2
||A(χT (3cBi)Gi)||22
Using the hypothesis on Gi, the doubling property (D) and the fact that
G(y¯i) ≤ γλ, we get∣∣∣{C(χT (3cBi)Gi) > K2K0λ
}∣∣∣ ≤ C(Kλ2) |3cBi| infx∈3cBi G2(x)
≤ C γ2
K2
|Bi|.
Now, let us estimate
∣∣∣{C(χT (3cBi)Hi) > K2K0λ
}∣∣∣: using successively inequal-
ity (2.6), the weak (p2 ,
p
2) type of the Hardy-Littlewood maximal functionM, and the hypothesis on Hi, we obtain:
∣∣∣{C(χT (3cBi)Hi) > K2K0λ
}∣∣∣ ≤ ∣∣∣∣
{(
M (A(χT (3cBi)Hi))2)1/2 > C K2K0λ
}∣∣∣∣
≤ C(Kλ)p
∫
T (3cBi)
∣∣A(χT (3cBi)Hi)∣∣p
≤ C(Kλ)p |Bi|
(
1
|3cBi|
∫
T (3cBi)
∣∣A(χT (3cBi)Hi)∣∣p)
≤ C(Kλ)p |Bi| (infx∈3cBi CF (x) + infx∈3cBi G(x))p/2
≤ C(Kλ)p |Bi| (CF (x¯i) +G(y¯i))p
≤ CKp |Bi|.
Finally, we get, using the finite intersection property of the balls Bi,
|Bλ| ≤ C
(
γ2
K2
+
1
Kp
)∑
i
|Bi| ≤ C
(
γ2
K2
+
1
Kp
)
|Eλ|,
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and the proof of Lemma 6.3 is complete.

End of the proof of Proposition 6.1:
Define
Φ(t) = q
∫ t
0
λq−1|{CF > λ}| dλ.
By (2.6),
|{CF > λ}| ≤ |{(M(AF 2)1/2 > Cλ}|,
and by the weak (1, 1) type of M,
|{CF > λ}| ≤ Cλ2 ||AF ||22
≤ Cλ2 ||F ||2T 2,2
< ∞
Since (D) implies that M has infinite volume, necessarily {CF > λ} is a
proper subset of M . Therefore, we can apply Lemma 6.3, and obtain by
integration that
Φ(Kt) ≤ CKq
(
1
Kp
+
γ2
K2
)
Φ(t) +
(
K
γ
)q
||G||qq .
Since q < p, one can choose K large enough and γ small enough so that
Kq
(
1
Kp
+
γ2
K2
)
≤ 1
2
.
Hence, for this choice, we get that for all t ≥ 0,
Φ(Kt) ≤ 1
2
Φ(t) +
(
K
γ
)q
||G||qq .
By an easy iteration, this implies that for every t ≥ 0,
Φ(t) ≤ C||G||qq.
Since limt→∞Φ(t) = ||CF ||qq, we get that
||CF ||q ≤ C||G||q.
But by Theorem 2.5, since 2 < q there holds that
||CF ||q ≃ ||F ||T 2,q ,
hence the result of Proposition 6.1.

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Remark 6.4. On T 2,q for q > 2, there are two “maximal” functions, namely
C and G : F 7→ (M(|AF |2))1/2, with the property that
||F ||T 2,q ≃ ||CF ||q ≃ ||GF ||q/2.
The proof of Proposition 6.1 with G instead of C works fine, except at one
(crucial) place: the localisation lemma (Lemma 6.2), which is not true for
G. This explains our choice of C in the proof of Proposition 6.1.
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